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Introduction
The non perturbative construction of quantum field models with nontrivial scat-
tering in arbitrary dimension d of the underlying Minkowski space-time is much
more simple in the framework of quantum field theory with indefinite metric
than in the positive metric case. In particular, there exist a number of solutions
in the physical dimension d = 4, where up to now no positive metric solutions are
known. Here we review, why this is so, and we discuss some examples obtained
by analytic continuation from the solutions of Euclidean covariant stochastic
partial differential equations (SPDEs) driven by non-Gaussian white noise.
Main text
It has been proven by F. Strocchi that a quantum gauge field in a local, covariant
gauge cannot act on a Hilbert space with a positive definite inner product.
But it is possible to overcome this obstacle by passing from a Hilbert space
representation of the algebra of the quantum field to Krein space representations
in order to preserve locality and covariance under the Poincare´ group.
A Krein K space is an inner product space which also is a Hilbert space
with respect to some auxilary scalar product. The relation between the inner
product 〈., .〉 and the auxilary scalar product (., .) is given by a self-adjoint linear
operator J : K → K with J2 = 1K and 〈., .〉 = (., J.). J is called the metric
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operator. A quantum field acting on such a space is called a quantum field with
indefinite metric. The formal definition is as follows:
Let D ⊆ K be a dense linear space and Ω ∈ D a distinguished vector hence-
forth called the vacuum. Let S = S(Rd,CN ) be the space of Schwartz test func-
tions with values in CN . A quantum field φ by definition is a linear mapping
from S to the linear operators on D. One usually assumes that D is generated
as the linear span of vectors generated by repeated application of field operators
to the vacuum. The following properties should hold for the quantum field φ:
1. (Temperednes) fn → f in S ⇒ 〈Ψ, φ(fn)Φ〉 → 〈Ψ, φ(f)Ψ〉 ∀Ψ,Φ ∈ S;
2. (Covariance) ∃ a weakly continuous representation U of the covering of
the orthochronous, proper Poincare´ group P˜ ↑+ by linear operators on D
which is J-unitary, i.e. U [∗] = U−1 with U [∗] = JU∗J |D and leaves Ω
invariant. φ is said to be covariant with respect to U and a representa-
tion τ of the covering of the orthochonous, proper Lorentz group L˜↑+ if
U(g)φ(f)U(g)−1 = φ(fg), where fg(x) = τ(Λ)f(Λ
−1(x − a)), g = {Λ, a},
Λ ∈ L˜↑+, a ∈ R
d;
3. (Spectrality) Let U(a), a ∈ Rd, be the representation of the translation
group and let σ = ∪Ψ,Φ∈DsuppF(〈Ψ, U(.)Φ〉) with F the Fourier trans-
form (in the sense of tempered distributions). Formally, σ is the joint
spectrum of the generators of space-time translations U(a). The spec-
tral condition then demands that σ ⊆ V¯ +0 the closed forward lightcone in
energy-momentum space;
4. (Locality) There is a decomposition CN = ⊕κVκ such that for each f, h ∈
S taking values in one of the Vκ and having space-like separated supports
we either have [φ(f), φ(h)] = 0 or {φ(f), φ(h)} = 0, where [., .] is the
commutator and {., .} the anti-commutator;
5. (Hermiticity) There is an involution ∗ on S such that φ(f)[∗] = φ(f∗).
The quantum mechanical interpretation of the inner product of two vectors
in K as a probability amplitude however gets lost. It has to be restored by
the construction of a physical subspace of K where the restriction of the inner
product is non-negative. This is called the Gupter-Bleuler gauge procedure.
Typically, one considers the problem of constructing quantum fields with indef-
inite metric first. This is being seen as the dynamic side of the problem. The
construction of the physical states, which can also be seen as implementation of
quantum constraints, is often postponed.
The vacuum expectations values (VEVs), also called Wightman functions,
of the quantum field theory with indefinite metric (IMQFT) are defined as:
Wn(f1 ⊗ · · · ⊗ fn) = 〈Ω, φ(f1) · · ·φ(fn)Ω〉 , f1, . . . , fn ∈ S. (1)
An axiomatic framework for (unconstrained) IMQFT has been suggested
by G. Morchio and F. Strocchi in terms of the Wightman functions Wn ∈ S ′,
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n ∈ N0. Previous work on the topic had been done by J. Yngvason. These
generalized Wightman axioms of Morchio and Strocchi replace the positivity
condition on the Wightman functions by a so-called Hilbert space structure
condition (HSSC): For n ∈ N0 ∃pn a Hilbert seminorm on S⊗n such that
|Wn+m(f ⊗ h)| ≤ pn(f)pm(h) ∀n,m ∈ N0, f ∈ S
⊗n, h ∈ S⊗m. (2)
This condition makes sure that a field algebra on a Krein space with VEVs
equal to the given set of Wightman functions can be constructed. The remain-
ing axioms of the Wightman framework – temperedness, covariance, spectral
condition, locality and Hermiticity – remain the same. Clustering of Wightman
functions is assumed at least for massive theories:
lim
t→∞
Wn+m(f ⊗ hta) =Wn(f)Wm(h) ∀n,m ∈ N0, f ∈ S
⊗n, h ∈ S⊗m, (3)
for space-like a ∈ Rd. It fails to hold in certain physical contexts where multiple
vacua (also called Θ-vacua) accompanied with massless Goldstone Bosons occur
due to spontaneous symmetry breaking.
In the original Wightman axioms there are essentially two nonlinear axioms:
Positivity and clustering. Non-linear here means that checking that condition
involves more than one VEV with a given number of field operators. The cluster
condition can be linearized by an operation on the Wightman functions called
’truncation’. The equations
Wn(f1 ⊗ · · · ⊗ fn) =
∑
I∈P(n)
∏
{j1,....jl}∈I
j1<j2<...<jl
WTn (fj1 ⊗ · · · ⊗ fjl) (4)
recursively define the truncated Wightman functions WTn for n ∈ N. Here P
(n)
stands for the set of all partitions of {1, . . . , n} into disjoint, nonempty sets.
Unfortunately, the positivity condition (at least when combined with nontrivial
scattering) becomes highly non-linear for truncated Wightman functions. This
can be seen as one explanation, why it is so difficult to find non trivial (i.e.
corresponding to nontrivial interactions) solutions to the Wightman axioms.
But it turns out that in contrast to positivity the Hilbert space structure
condition is essentially linear for truncated Wightman functions.
Theorem 1 If ∃ a Schwartz norm ‖.‖ on S such that WTn is continuous with
respect to ‖.‖⊗n for n ∈ N then the associated sequence of Wightman functions
{Wn} fulfills the Hilbert space structure condition (2).
Note that ‖.‖⊗n is well-defined as S is a nuclear space. This theorem makes it
much more easy to construct quantum fields with indefinite metric. In partic-
ular, all known solutions of the linear program for truncated Wightman func-
tions lead to an abundance of mathematical solutions to the axioms of IMQFT,
as long as the singularities of truncated Wightman functions in position and
energy-momentum space do not become stronger and stronger with growing n.
E.g. the perturbative solutions to Wightman functions of A. Ostendorf and O.
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Steinman provide solutions when the perturbation series is truncated at a given
order.
In the classical work on constructive quantum field theory relativistic fields
in space-time dimensions d = 2 and 3 have been constructed by analytic con-
tinuation from Euclidean random fields. This in particular has led to firm
connections between quantum field theory and equilibrium statistical mechan-
ics. Let us discuss one specific class of solutions of the axioms of IMQFT for d
arbitrary which also stem from random fields related to an ensemble of statisti-
cal mechanics of classical, continuous particles. On the mathematical side, this
is conneted with using random fields with Poisson distribution. As usually in
constructive QFT, the moments, also called Schwinger functions, of the random
field can be analytically continued from Euclidean imaginary time to relativistic
real time. That this is possible results from an explicit calculation. Axiomatic
results cannot be used as they depend on positivity or reflection positivity in
the Euclidean space-time, respectively.
By definition, a mixing Euclidean covariant random field ϕ is an almost
surely linear mapping from SR = S(R
d,RN ) to the space of real valued mea-
surable functions (random variables) on some probability space that fulfills the
following properties:
1. (Temperedness) fn → f in SR ⇒ ϕ(fn)
L
→ ϕ(f);
2. (Covariance) ϕ(f)
L
= ϕ(fg) ∀ f ∈ SR, g = {Λ, a}, Λ ∈ SO(d), a ∈
Rd, fg(x) = τ(Λ)f(Λ
−1(x − a)) for some continuous representation τ :
SO(d)→ GL(N).
3. (Mixing) limt→∞ E[ABta] = E[A]E[B] for all square integrable random
variables A = A(ϕ), B = B(ϕ) and Bta = B(ϕta), ϕta(f) = ϕ(fta) ∀f ∈
SR, a ∈ Rd \ {0}.
The mixing condition in the Euclidean space-time plays the same roˆle as the
cluster property in the generalized Wightman axioms.
In particular, we consider such random fields ϕ obtained as solutions of the
stochastic partial differential equation Dϕ = η. In this equation, η is a noise
field, i.e. η is τ -covariant for some representation, η(f) has infinitely divisible
probability law and η(f), η(h) are independent ∀f, h ∈ SR with suppf∩supph =
∅. D is a τ -covariant (i.e. τ(Λ)Dτ(Λ)−1 = D ∀Λ ∈ SO(d)) partial differential
operator with constant coefficients (also pseudo differential operators D could
be considered). From the classification of infinitely divisible probability laws it
is known that η essentially consists of Gaussian white noise and Poisson fields
and derivatives thereof. Such a Gauss-Poisson noise field by the Bochner–Minlos
theorem is characterized by its Fourier transform. Direct relations with QFT
arise if one chooses
E[eiη(f)] = exp
{∫
Rd
ψ(f)− f · σ¯2p(−∆)f dx
}
, f ∈ SR (5)
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where ψ : RN → C is a Le´vy function,
ψ(t) = ia · t−
t · σ2t
2
+ z
∫
RN\{0}
(eit·s − 1) dr(s) , t ∈ RN . (6)
Here · is a τ -invariant scalar product on RN , σ a positive semidefinite τ -invariant
N ×N matrix, z ≥ 0 a real number and r is a τ -invariant probability measure
on Rn \ {0} with all moments. σ¯2α,β = (∂
2ψ(t)/∂tα∂tβ)|t=0. p : [0,∞)→ [0,∞)
is a polynomial depending on D. If Dˆ−1, the Fourier transformed inverse of D,
exists, it can be represented by
Dˆ−1(k) =
QE(k)∏P
l=1(|k|
2 +m2l )
νl
(7)
Here QE(k) is a complex N × N matrix with polynomial entries being τ -
covariant, τ(Λ)QE(Λ
−1k)τ(Λ)−1 = QE(k) ∀Λ ∈ SO(d), k ∈ Rd. νl ∈ N and
ml ∈ C \ (−∞, 0) are parameters with the interpretation of the mass spectrum
(m1, . . . ,mP ) and (ν1, . . . , νP ) the dipole degrees of the related masses. We
restrict ourselves to the case of positive mass spectrum where ml > 0 and in
this case
p(t) = p(t,D) =
∏P
l=1(t+m
2
l )
νl∏P
l=1m
2νl
l
, t > 0. (8)
One can show that ϕ obtained as the unique solution of the SPDE Dϕ = η is an
Euclidean covariant, mixing random field. The Schwinger functions (moments)
of ϕ are given by
Sn(f1 ⊗ · · · ⊗ fn) = E [ϕ(f1) · · ·ϕ(fn)] , f1, . . . fn ∈ SR. (9)
One then gets that the Schwinger functions can be calculated explicitly. They
are determined by the truncated Schwinger functions, cf. (4), as follows: For
n = 2
ST2,α1,α2(x1, x2) =
QE2,α1,α2(−i∇2)∏N
l=1m
2νl
l
[
N∏
l=1
(−∆+m2l )
−νl
]
(x1 − x2) (10)
and for n ≥ 3
STn,α1···αn(x1, . . . , xn) = Q
E
n,α1···αn(−i∇n)
×
∫
Rd
n∏
j=1
[
N∏
l=1
(−∆+m2l )
−νl
]
(xj − x) dx (11)
where
QEn,α1···αn(−i∇n) = C
β1···βn
n∏
l=1
QE,βl,αl(−i
∂
∂xl
) (12)
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with
Cβ1···βn = (−i)
n ∂
nψ(t)
∂tβ1 · · · ∂tβn
∣∣∣∣
t=0
(13)
and the Einstein convention of summation and uppering/lowering of indices on
RN w.r.t. the invariant inner product · is applied. The Schwinger functions
fulfill the requirements of τ -covariance, symmetry, clustering and Hermiticity
from the Osterwalder-Schrader axioms of Euclidean QFT.
While there is no known general reason, why a relativistic QFT should exist
for the given set of Schwinger functions, one can take advantage of the ex-
plicit formulae (10)–(13) in order to calculate the analytic continuation from
Euclidean to relativistic times explicitly.
It simplifies the considerations to exclude dipole fields, i.e. one assumes that
νl = 1 for l = 1, . . . , n. In physical terms, the no-dipole condition guaran-
tees that the asymptotic fields in Minkowski space-time fulfill the Klein-Gordon
equation and thus generate particles in the usual sense if applied to the vac-
uum. If this condition is not imposed, asymptotic fields might only fulfill a
dipole equation ( +m2)2φin/out = 0 or a related hyperbolic equation of even
higher order and the particle states generated by application of such fields to
the vacuum require a gauge fixing (constraints) in order to obtain a physical
interpretation. Given the no-dipole condition, one obtains by expansion into
partial fractions
1∏P
l=1(|k|
2 +m2l )
=
N∑
l=1
bl
(|k|2 +m2l )
(14)
with bl ∈ (0,∞) uniquely determined and bl 6= 0. For the truncated Schwinger
functions this implies (n ≥ 3)
STn,α1···αn(x1, . . . , xn) = Q
E
n,α1···αn(−i∇n)
P∑
l1,...,ln=1
×
n∏
r=1
blr
∫
Rd
n∏
j=1
(−∆+m2lj )
−1(x− xj) dx. (15)
At this point, a lengthy calculation yields a representation of the functions∫
Rd
∏n
j=1(−∆+m
2
j)
−1(x− xj) dx as the Fourier–Laplace transform of a distri-
bution WˆTn,m1,...,mn that fulfills the spectral condition. This is equivalent to the
statement that the analytic continuation of such functions to relativistic times
yieldsWTn,m1,...,mn , where the latter distribution is the inverse Fourier transform
of WˆTn,m1,...,mn . This distribution up to a constant that can be integrated into
QE is given by

n∑
j=1
j−1∏
l=1
δ−ml(kl)
(−1)
k2 −m2j
n∏
l=j+1
δ+ml(kl)

 δ(
n∑
l=1
kl) (16)
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Here δ±m(k) = θ(±k
0)δ(k2 − m2), where θ is the Heaviside step function and
k2 = k0
2
− |~k|2. On the other hand the partial differential operator QEn can be
analytically continued in momentum space
QMn ((k
0
1 ,
~k1), . . . , (k
0
n,
~kn)) = Q
E
n ((ik
0
1 ,
~k1), . . . , (ik
0
n,
~kn)), (17)
k1, . . . , kn ∈ Rd. With the definition
WˆT2,α1α2(k1, k2) = (2π)
(d+1)
QM2,α1α2(k1, k2)∏N
l=1m
2
l
N∑
l=1
bl δ
−
ml
(k1)δ(k1 + k2) (18)
and
WˆTn,α1···αn(k1, . . . , kn) = Q
M
n,α1···αn(k1, . . . , kn)
×
N∑
l1,...,ln=1
n∏
j=1
bljWˆ
T
n,ml1 ,...,mln
(k1, . . . , kn), (19)
the analytic continuation of Schwinger functions can be summarized as follows:
Theorem 2 The truncated Schwinger functions STn have a Fourier-Laplace rep-
resentation with WˆTn defined in Eqs. (18) and (19). Equivalently, S
T
n is the
analytic continuation of WTn from purely real relativistic time to purely imagi-
nary Euclidean time. The truncated Wightman functions WTn fulfill the require-
ments of temperedness, relativistic covariance w.r.t. the representation of the
orthochronous, proper Lorentz group τ˜ : L↑+(d)→ Gl(L), locality, spectral prop-
erty and cluster property. Here τ˜ is obtained by analytic continuation of τ to
a representation of the proper complex Lorentz group over Cd (which contains
SO(d) as a real submanifold) and restriction of this representation to the real
orthochronous proper Lorentz group.
Making again use of the explicit formula in Theorem 2, the condition of Theorem
1 can be verified. This proves the existence of IMQFT models associated to the
class of random fields under discussion.
Theorem 3 The Wightman functions defined in Theorem 2 fulfill the HSSC.
In particular, there exists a QFT with indefinite metric s.t. the Wightman
functions are given as the vacuum expectation values of that IMQFT.
Theories as described in Theorem 2 obviously have trivial scattering behavior if
the noise field η is Gaussian, i.e. if in (7) z = 0. In the case when there is also a
Poisson component in η, i.e. z > 0, higher order tuncated Wightman functions
do not vanish and such theories have non-trivial scattering.
Before the scattering of the models can be discussed, some words need to be
said about scattering in IMQFT in general. The scattering theory in axiomatic
QFT, Haag-Ruelle theory, relies on positivity. In fact, one can show that in
the class of models under discussion the LSZ asymptotic condition is violated if
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dipole degrees of freedom are admitted. In that case more complicated asymp-
totic conditions have to be used. In any case, Haag–Ruelle theory cannot be
adapted to IMQFT.
Nevertheless, asymptotic fields and states can be constructed in IMQFT if
one imposes a no-dipole condition in a mathematically precise way. Then the
LSZ asymptotic condition leads to the construction of mixed VEVs of asymp-
totic in- and out-fields with local fields. The collection of such VEVs is called
the form factor functional. After constructing this collection of mixed VEVs,
one can try to check the HSSC for this functional and the obtains a Krein space
representation for the algebra generated by in- local and out-fields.
Following this line, asymptotic in- and out- particle states can be constructed
for the given mass spectrum (m1, . . . ,mP ). If a
in/out†
α,l (k), l = 1, . . . , P denotes
the creation operator for an incoming/outgoing particle with mass ml, spin
component α and energy-momentum k, the following scattering can be derived
for r incoming particles with masses ml1 , . . . ,mlr and n− r outgoing particles
with masses mlr+1 , . . . ,mln〈
ain†α1,l1(k1) · · ·a
in†
αr ,lr
(kr)Ω, a
out†
αr+1,lr+1
(kr+1) · · ·a
out†
αn,ln
(kn)Ω
〉T
= −(2π)iQMα1,...αn(−k1, . . . ,−kr, kr+1, . . . , kn)
n∏
j=1
δ+mlj
(kj) δ(K
in −Kout).
(20)
K in/out stand for the total energy-momentum of in- and out-particles, i.e. K in =∑r
j=1 kj and K
out =
∑n
j=r+1 kj .
Two immediate consequences can be drawn from (20). Firstly, choosing a
model with non-vanishing Poisson part such that Cβ1β2β3 6= 0 and a differential
operator D containing in its mass spectrum the masses m and µ with m > 2µ
one gets a non-vanishing scattering amplitude for the process
✒✑
✓✏
✲  
 ✒
❅
❅❘
m
µ
µ
(21)
even though in- and out-particle states consist of particles with well-defined
sharp masses. Thus, for the incoming particle the energy uncertainty which for
a particle at rest is proportional to the mass uncertainty vanishes but still the
particle undergoes a non-trivial decay and must have a finite decay time. This
appears to be a contradiction to the energy-time uncertainty relation, which
therefore seems to have a unclear status in IMQFT, (i.e. in QFT including
gauge fields). The origin of this inequality, which of course is experimentally
very well tested, apparently has to be located in the constraints of the theory
and not in the unconstrained IMQFT.
Secondly, one can replace somewhat artificially the polynomials QMn in (17)
by any other symmetric and relativistically covariant polynomial. If the se-
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quence of the ”new” QMn is of uniformly bounded degree in any of the arguments
k1, . . . kn, the re-defined Wightman functions in (17) still fulfill the requirements
of Theorem 1 and thus define a new relativistic, local IMQFT. The scattering
amplitudes of such a theory are again well-defined and given by (20). E.g. in
the case of only one scalar particle with mass m one can show that arbitrary
Lorentz invariant scattering behavior of Bosonic particles can be reproduced by
such theories for energies below an arbitrary maximal energy up to arbitrary
precision. This kind of interpolation theorem shows that the outcome of an
arbitrary scattering experiment can be reproduced within the formalism of (un-
constrained) IMQFT as long as it is in agreement with the general requirements
of Poincare´ invariance and statistics.
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